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Abstract 

We investigate the construction of diffusions consisting of infinitely numerous Brow- 
nian particles moving in R d and interacting via logarithmic functions (2D Coulomb po- 
tentials). These potentials are really strong and long range in nature. The associated 
equilibrium states are no longer Gibbs measures. 

We present general results for the construction of such diffusions and, as appli- 
cations thereof, construct two typical interacting Brownian motions with logarithmic 
interaction potentials, namely the Dyson model in infinite dimensions and Ginibre in- 
teracting Brownian motions. The former is a particle system in R while the latter is 
in R 2 . Both models are translation and rotation invariant in space, and as such, are 
prototypes of dimensions d = 1,2, respectively. The equilibrium states of the former 
diffusion model are determinantal random point fields with sine kernels. They appear 
in the thermodynamical limits of the spectrum of the ensembles of Gaussian random 
matrices such as GOE, GUE and GSE. The equilibrium states of the latter diffusion 
model are the thermodynamical limits of the spectrum of the ensemble of complex 
non-Hermitian Gaussian random matrices known as the Ginibre ensemble. 

1 Introduction 

Interacting Brownian motions (IBMs) in infinite dimensions are diffusions X t = (X t l )i € z 
consisting of infinitely many particles moving in M. d with the effect of the external force 
coming from a self potential <!> : M. d — > R U {00} and that of the mutual interaction coming 
from an interacting potential $:R' i xt ll ->RU {°°} such that ^(x,y) = ^(y,x). 

@ Intuitively, an IBM is described by the infinitely dimensional stochastic differential 
equation (SDE) of the form 

(1.1) dxi = dB\-Uj<$>{xi)dt-^ J2 ^(x l t ,x{)dt (»ez). 
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The state space of the process X t = (X|)i 6 z is by construction. Let X be the 

configuration valued process given by 



Here 5 a denotes the delta measure at a and a configuration is a Radon measure consisting of 
a sum of delta measures. We call X the labelled dynamics and X the unlabelled dynamics. 

The SDE (JTTTJ) was initiated by Lang [TO], [TT]- He studied the case $ = 0, and y) = 
fy(x — y), where \& is of C*Q(IR d ), superstable and regular according to Ruelle [20]. With the 
last two assumptions, the corresponding unlabelled dynamics X has Gibbsian equilibrium 
states. See [21], [5], and [24] for other works concerning the SDE 

In [13] the unlabelled diffusion was constructed using the Dirichlet form approach. The 
advantage of this method is that it gives a general and simple proof of construction, and, 
more significantly, allows us to apply singular interaction potentials, which are particularly 
of interestss, such as the Lennard-Jones 6-12 potential, hard core potential and so on. We 
remark that all these potentials were excluded by the SDE approach. See [27] , [T] [25] , and 
[26] for other works concerning the Dirichlet form approach to IBMs. 

We remark that in all these works, except some parts of [H], the equilibrium states 
are supposed to be Gibbs measures with Ruelle's class interaction potentials \&. Thus the 
equilibrium states are described by the DLR equations (see (|1.3|) ). the usage of which plays 
a pivotal role in the previous works. 

The purpose of this paper is to construct unlabelled IBMs in infinite dimensions with 
the logarithmic interaction potentials 



We present a sequence of general theorems to construct IBMs and apply these to logarithmic 
potentials. We remark that the equilibrium states are not Gibbs measures because the 
logarithmic interaction potentials are unbounded at infinity. 

The above potential '5 in (|1.3|) is known to be the two-dimensional Coulomb potential. In 
practice, such systems are regarded as one-component plasma consisting of equally charged 
particles. To prevent the particles all repelling to explode, a neutralizing background charge 
is imposed. The self potential $ denotes this particle-background interaction (see [3J). 

We study two typical examples, namely Dyson's model (Section 12. ip and Ginibre IBMs 
( Section 12. 2[) . In the first example, we take d = 1, $ = 0, and ^>(x,y) = — /3\og\x — y\ 
((3 = 1,2,4), while in the second d = 2, $(z) = \z\ 2 , and ^(x,y) = — 21og|x - y\. 

For the special values j3 — 1, 2,4 and particular self potentials $ the associated equilib- 
rium states are limits of the spectrum of random matrices. Recently, much intensive research 
has been carried out on random point fields related to random matrices. Our purpose in 
this paper is a rather more dynamical one; that is, we construct diffusions, the equilibrium 
states of which are these random point fields related to random matrices. 

The labeled dynamics of the Dyson model in infinite dimensions is represented by the 
following SDE. 



(1.2) 




(1.3) 



0log\x - y\. 



(1.4) 



dX) = dB\ + - lim 

2 R^oo 




1 



dt (i e Z). 



\xl\<Rjez,j^i 
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Here (3 = 1,2,4, corresponding to the Gaussian orthogonal ensemble (GOE), the Gaus- 
sian unitary ensemble (GUE) and the Gaussian symplectic ensemble (GSE), respectively. 
The invariant probability measures [idys,p of the (unlabeled) Dyson models are translation 
invariant. Hence, if the distribution of Xo equals /idys,/3, then for all t 

(1.5) -dt = oo a.s.. 

■^■\xt-xi\ 

This means that only a conditional convergence is possible in the summation of the drift 
term in (|1.4[) . which is the cause of the difficulty in dealing with the Dyson model. It is well 
known that the equilibrium states are the thermodynamic limits of the distribution of the 
spectrum of Gaussian random matrices at the bulk (52] , [3J , [T3] . 

The labeled dynamics of Ginibre IBMs is represented by the following SDE. For conve- 
nience we regard S as C rather than R 2 . 

(1.6) dZl = dBj - Zldt + lim V Zt ~ Z * dt (i e Z). 

\z}\<r, jez, j& 1 * f 1 

Here Z\ = X\ + y/— 1Y£ € C and {S|}igz are independent complex Brownian motions. 
That is, B\ — B\^~ c + \f— lBl' lm , where {Bl' Rc , \J — lBl' 1 " 1 }^^ is a system of independent 
1-dimensional Brownian motions. The stationary measure fi g i n of the unlabeled dynam- 
ics is the thermodynamic limit of the distribution of the spectrum of random Gaussian 
matrices called the Ginibre ensemble (cf. [12] )• Mgin is a random point field with loga- 
rithmic interaction potential and is known to be translation invariant. If Ginibre IBMs 
Z = {7-t} = {^2i^z{\ start from the stationary measure /%i n , then Z is also translation 
invariant in space. Moreover Ginibre IBMs Z satisfy the SDE of the translation invariant 
form: 

(1.7) dZi = dBi+ lim V z i ~ z t dt i ieI \_ 

\z\-z\\<r, jez, jjti 14 * 1 

This variety of SDE representations of Ginibre IBMs is a result of the strength of the 
interaction potential. 

A diffusion (X, P) is a family of probability measures P = {P x } with continuous sample 
path X = {X f } starting at each point x of the state space with a strong Markov property 
(see [3]). We emphasize that we construct not only a Markov semi-group or a stationary 
Markov process but also a diffusion in the above sense, and also that, to apply stochastic 
analysis effectively, we require the construction of diffusions. 

In a forth coming paper we give another general result of the SDE representation of 
unlabeled diffusions constructed in this paper. SDEs (|1.4p . (|1.6p and (|1.7|) of the labeled 
dynamics are solved there. 

Because of the long range nature of the logarithmic interaction, construction of the 
diffusion has not yet been done. The only exception is the Dyson model with [3 = 2. In [23] 
Spohn proved the closability of the Dirichlet form associated with (jl.ip for this model. This 
implies the construction of the unlabeled dynamics (|1.2[) in the sense of an L 2 -Markovian 
semigroup. An associated diffusion was constructed in [14j by combining Spohn's result with 
the result from [HI Theorem 0.1] on the quasi-regularity of Dirichlet forms. 

In a one space dimension, some explicit computations of space-time correlation functions 
of infinite particle systems related to random matrices have been obtained. Indeed, Katori 
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and Tanemura [5] recently studied the thermodynamic limit of the space-time correlation 
functions related to the Dyson model and Airy process. Their limit space-time correlation 
functions define a stochastic process started from a limited set of initial distributions. How- 
ever, the Markov (semi-group) property of the process has not yet been proved. They also 
proved that, if their process is Markovian, the associated Dirichlet form is the same as the 
one obtained in this paper and their processes coincide with the processes constructed here. 
It is an interesting open problem to prove the Markov property of their processes and the 
identification of these two processes. We also refer to [5], [7], [S], and [H] for stochastic 
processes of one dimensional infinite particle systems related to random matrices. 

As for two dimensional infinite systems with logarithmic interactions, the construction 
of stochastic processes based on the explicit computation of space-time correlation func- 
tions has not been done. Techniques useful in one dimension, such as the Karlin-McGregor 
formula, are no longer valid in two dimensions. 

Let us briefly explain the main idea. We introduce the notion of quasi Gibbs measures 
as a substitution for Gibbs measures. These measures satisfy inequality (|2.8[) involving a 
(finite volume) Hamiltonian. Inequality (|2.8[) is sufficient for the closability of the Dirichlet 
forms and the construction of the diffusions. 

To obtain the above mentioned inequality we control the difference of the infinite volume 
Hamiltonians in stead of the Hamiltonian itself. The key point of the control is the usage of 
the geometric property of the random point fields behined the dynamics. Indeed, although 
the difference still diverges for Poisson random fields and Gibbs measures with translation 
invariance, it becomes finite for random point fields such as the Dyson random point fields 
and the Ginibre random point fields. For these random point fields the fluctuations of 
particles are extremely suppressed because the logarithmic potentials are quite strong. This 
cancels the sum of the difference of the infinite volume Hamiltonians. 

The organization of the paper is as follows. In Section [5] we describe the set up and 
state the main results. We first give a set of general results (Theorems 12.21 12.31 I2.4j) . 
Then, as applications, we construct the diffusions of the Dyson model and the Ginibre 
IBMs cited above in Theorem 12.51 and Theorem 12. 61 respectively. Section [3] is devoted to 
preparation from the Dirichlet form theory and we prove Proposition 12.11 In Section fj] we 
prove Theorem 12 .21 In Section [5] we prove Theorem l2.3l In Section [5] we prove Theorem l2.4l 
In Section [7j we give a sufficient condition for (|2.36|) when the stationary measures [i are a 
determinantal random point field with translation invariant kernel. This result is used in 
Section [5] to apply the Dyson model. In Section [5] we prove Theorem 12.51 In Section [5] we 
prove Theorem 12.61 In Appendix 110.11 we give a proof of Lemma 13.41 in Appendix 110.21 we 
prove Lemma 14. 1[ in Appendix 110.31 we prove (|8.31|) and (|8.32j) and in Appendix 110.41 we 
prove Lemma 19.21 Lemma l9.2l is a uniform estimate of the variance of the n-particle system 
of the Ginibre random point field to be used in the proof of Theorem 12.61 

2 Set up and main results 

Let S be a closed set in R d such that G S and 5^ = S, where S int means the interia of 
S. Let S r = {s€ S; \s\ < r}. Let S = {s = £\ 5 Si ; s(S r ) < oo for all r G N} be the set of 
configurations on S. We endow S with the vague topology, under which S is a Polish space. 
Let n be a probability measure on (S, B(S)). We construct fi- reversible diffusions (X, P) 
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with state space S by using the Dirichlet form theory. Hence we begin by introducing 
Dirichlct forms in the following. 

For a subset A C S we define the map it a :S— >S by tta(s) — s(A n •)■ We say a function 
/ : S — > M is local if / is a [tta] -measurable for some bounded Borel set A. We say / is 
smooth if / is smooth, where /((sj)) is the permutation invariant function in (sj) such that 
/(s) = /((*)) for s = 

Let S • S — {(s, s) e SxS; s({s}) > 1}. Let a — [aui)'-S • S^R d be such that ojm = ojfc 
and (ofcj(s, s)) is nonnegative definite. Set 

(2.1) W[f, 9 ](s) = \Y J Y. a ^)£:-§:- 

Here s$ = (sn, . . . , s^) € S and s = S Si . For given / and g, it is easy to see that the 
right hand side depends only on s. So the square field D a [/, g] is well defined. We assume 
B a [/, g] :S^M is £>(S)-measurable for each of the local, smooth functions / and g. 
For a and p we consider the bilinear form (£ a ' M , V£f*) defined by 

(2.2) £ a *(f,g) = jw[f,g]dp, 

= {/ G £ 2 (S, M); / is local and smooth, /) < oo}. 

When a fci = S u (S M is the Kronecker delta), we write D Q = D, £ a ^ = £^ and V%f = 

All examples in this paper satisfy au — Ski- We however state the assumption in a 
general framework. We assume the coefficients {a k i} satisfy the following: 
(A.O) There exists a nonnegative, bounded, lower scmicontinuous function ao '■ S • S 1 — > [0, oo) 
and a constant c\ > 1 such that 

d 

(2.3) £jY| 1 a (s, s)|a:| 2 < a k i(s,s)x k xi < qTpo(s, s)|x| 2 

k,l=l 

for all x = (xi, . . . ,x d ) € R d , (s, s) € S • S. 

We call a function p" the n-correlation function of p (with respect to the Lebesgue 
measure) if p n :S n — >R is the permutation invariant function such that 



s(^) 



(2.4) / P n {x\, . . .,x n )dxi ■■■dx n = / TT YC'i \\ d ^ 

for any sequence of disjoint bounded measurable subsets Ai, . . . , A m C S and a sequence of 
natural numbers fci, . . . , k m satisfying ki + • • • + fc TO — n - It is weu known [22j that under a 
mild condition the correlation functions {p ra } nS N determine the measure p. 

We assume p satisfies the following. 
(A.l) The measure p has a locally bounded, n-correlation function p n for each n € N. 

We introduce a Hamiltonian on a bounded Borel set A as follows. For Borel measurable 
functions $:S->RU {oo} and *:5xS^lU {oo} with V(x,y) = V(y,x) let 

(2.5) W$**(x) = VJ + ^ *(aJ<,ajj), where x = ^4 < - 
We assume $ < oo a.e. to avoid triviality. 



() 
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For two measures v\, on a measurable space (fi, B) we write v\ < if v\{A) < V2{A) 
for all A £ B. We say a sequence of finite Radon measures {v N } on a Polish space O 
converge weakly to a finite Radon measure v if limjv^oo J fdv N = J fdv for all / E C&(fi). 

Throughout this paper {6 r } denotes an increasing sequence of natural numbers. We set 

(2.6) S r = {s e S; \s\ < b r }, S r m = {seS;s(S r )=m}, « r (x) = W|;*(x). 

Definition 2.1. A probability measure [i is said to be a ($, 4 f )-quasi Gibbs measure if 
there exist an increasing sequence {b r } of natural numbers and measures {/U™ fe } such that, 
for each r, m € N, /x™ fe and jU™ := n S" 1 ) satisfy 

(2.7) v% k < for all k, lim = weakly, 
and that, for all r,m,fceN and for /iJT^-a.e. s G S 

(2.8) ^e-w-WlsmfxJACdK) < < fe , s (dx) < ^"^Mls^A^x). 

Here C2 = <$]tr, m, k, tts^(s)) is a positive constant, A is the Poisson random point field whose 
intensity is the Lebesgue measure on S, and s is the conditional probability measure of 
/j,™ k defined by 

(2.9) < fc ,s(^) = <\(^ G dx\ 7T S e( S )). 

(A. 2) (tx is a (<£>, *)-quasi Gibbs measure. 

Remark 2.1. (1) By definition M"fe((S" l ) c ) = 0. Since s is £r[7rsc]-measurable in s, we 
have the disintegration of the measure n™ k 

(2.10) < fc o ^(dx) = J ^ k jdx)^ k (ds). 

(2) Let /Lt™ s (c?x) = /x™(7T5 r (s) € dx| 7rgc(s)). Recall that a probability measure /i is said to 
be a (<I>, ^-canonical Gibbs measure if /j, satisfies the DLR equation (|2.1ip . that is, for all 
r, m G N, the conditional probability /i™ s is given by 

(2.11) vF,(dx) = — e" Wr(x) - w ^. s(x) l s -(x)A((ix) for ^-a.e. s. 

<EI 

Here < C3 < 00 is the normalization and H* rS (x) = es s £S c ^( x i> s j)i wnere x = 
E 2 S *i and s = T,j <^ • 

We remark that (4>, \&)-canonical Gibbs measures are (<£>, x l/)-quasi Gibbs measures. The 
converse is however not true. When ^(x, y) — —(3 log \x — y\ and [i are translation invariant, 
fj, are not (<&, ^-canonical Gibbs measure. This is because the DLR equation does not make 
sense. Indeed, |7i* s (x)| = 00 for fi-a.s. s. The point is that one can expect a cancellation 
between f[3]and e~ Ws '-- s ^ even if |H* r S (x)| = 00. 

(A. 3) There exist upper semicontinuous functions $01 ^0 : S — >KU{oo} and positive constants 
C4 and C5 such that 

(2.12) <g-*o(8) < $(s) < ^o(s) 

(2.13) cg^ (s-t)<^(s,t)<(^o(s-t), * (s)=*o(-s) (Vs). 

Moreover, <£> and \&o are locally bounded from below and l~ := {s ; ^o(s) = 00} is a compact 
set. 

We use the following result obtained in [2] and [15] , 
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Proposition 2.1 ([H], [15]). Assume (A.0)-(A.3). Then {£ Q <^, V^, L 2 (S, fi)) is closable, 
and its closure (£ a ' fl ,'D a ' tJ ',L (S,fi)) is a local, quasi-regular Dirichlet space. 

See Section [3] for the definition of "a local, quasi-regular Dirichlet space" and necessary 
notions of the Dirichlet form theory. Combining Proposition 12.11 with the Dirichlet form 
theory developed in [4] and [12], we obtain the following. 

Corollary 1 2. 1\ . Assume (A.0)-(A.3). Then there exists a diffusion (X, P) associated with 
(£ a ^,V a ^,L 2 {S,n)). Moreover, the diffusion (X, P) is /i-reversible. 

We say a diffusion (X, P) is associated with the Dirichlet space (£ a ^ , T) a ^, L 2 (S, //)) if 
E x [f(Xt)\ = Ttf(x) /i-a.e. x for all / £ L 2 (S, fi). Here T t is the L 2 -semi group associated with 
the Dirichlet space {£ a ^, V a ^, L 2 (S, ft)). Moreover, (X, P) is called ^-reversible if (X, P) is 
/Lt-symmetric and fi is an invariant probability measure of (X, P). 

Assumptions (A.O), (A.l), and (A. 3) are easily verified. The most crucial assumption in 
Proposition 1 2 . 1 1 is (A. 2). To obtain a sufficient condition for (A. 2) we introduce assumptions 
(A. 4) and (A. 5) below. We assume /i has a good finite particle approximation {/z^jjvgN in 
the following sense. 

(A. 4) There exists a sequence of probability measures {/i^jjvgN on S such that {h n }n^ 
have the n-correlation functions {/o^rj-TveN satisfying, for all n£N, 

(2.14) lim px(xi, . . . ,x n ) = p n (xi, . . . ,x„) a.e., 

N— ->oo 

(2.15) supsup|^(a;i,...,x„)| < {<mi s } n , 

where cq > and 6 < 1 are constants depending on r 6 N. Moreover, p, N (s(S) < Un) = 1 
for some e N and p N is a ($> N , 4' Ar )-canonical Gibbs measure, that is, fi satisfies (|2.1ip 
for all r, m € N. In addition, the potentials § N :5^1U {oo} and ^ N : S x S -> K U {oo} 
satisfy ^> N (x,y) = & (y, x) and the following: 

(2.16) lim ® N (x) = for a.e. x, 

TV— too 

inf <& N (x) > -oo. 

N,xGS 

(2.17) ^ N € C 1 (SxS\{x = y}) 

lim ty N (x, y) — ^(x, y) compact uniformly in C 1 (5'x S\{x = y}) 

inf inf 9 N (x,y) > -oo for all reN. 

NeN x.yeS r 

Remark 2.2. By (|2.14[) and (|2.15p we see that limjv^oo = P weakly in S (see Lemma |4~T|) . 
By fi (s(5) < un) = 1, (|2.1ip makes sense even if ^> N is a logarithmic function. Moreover, 
by (|2~T7)1 * G C^SxSYfa = j/}). So we take T in (A.3) as T = {0} or 0. 

The difficulty in treating the logarithmic interaction is the unboundedness at infinity. 
Indeed, the DLR equation does not make sense for infinite volume. The key issue in over- 
coming this difficulty is the fact that the logarithmic functions have small variations at 
infinity. With this property we can control the difference of interactions rather than the in- 
teractions themselves. Bearing this in mind we introduce the quantity (12.201) and assumption 
(A.5) below. 
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We consider sequences of bounded sets {S^} r ^ satisfying 

oo 

(2.18) [J S? = 5 for all N € N, S? C Sf for all r < s e N, 

r=l 

(2.19) lim rf H a U8 (^, S r ) = for all r e N. 

Here e?Haus(A-6) := inf{e > 0; A £ D i?, £? £ D A} is the Hausdorff distance of sets, where 
A E is the e neighborhood of A. For {S?} as above we set S% = S^\S^. We define the 
map s : Sly x S— +R U {oo} and the set V\ r ,k as 

(2.20) h£(s,y) = ]T {* N (x, Vi ) - V N (0, Vi )} (y = 5%) 

, , r „ |h? r s (^y)-hf s (a;' I y)| 

(2.21) H ri fe = {y 6 S ; sup sup sup — ; -j < fcj. 

NeNr<seNx^x'eS^ \x — X \ 

We now assume the following. 
(A. 5) There exist increasing sequences of Borel sets {S 1 ^} satisfying (|2.18[) . (|2.19[) and 

(2.22) lim liminf/i JV (H rS! ) = 1 for all r € K 

k — >oo N — >oo ' 

Theorem 2.2. Assume (A. 4) and (A. 5). Then fi is a ($, "P)- quasi Gibbs measure. 

Corollarv \2.2\ . Assume (A.0), (A.l) and (A.3)-(A.5). Then we have the following. 

(1) (£ a ^,V%f,L 2 (S,fi)) is closable, and its closure {£ a ^, V a ^, L 2 {S, //)) is a local, quasi- 
regular Dirichlet space. 

(2) There exists a /^-reversible diffusion (X, P) associated with (£ a ^ ,V a ^ , L 2 (S, fi)). 

We give a sufficient condition for (A. 5) when ^ is a logarithmic function. We assume: 
(A.6) V N is of the form 

(2.23) ^ N {x,y) = -p\og\w N {x)-w N {y)\. 

Here (3 € (0, oo) is a constant and wm = (m l N ,m 2 N ) S C°°(S; M. 2d ) are maps such that 

(2.24) lim \\w N - (x,0)\\ C nn x \< R ) = for all R, n e N. 

Here || • HcflxKH) is the C n -norm on the set {x £ S; \x\ < R}. 

Remark 2.3. (1) By (|2~TTj) and (A.6) we see that *&(x, y) = — /31og \x — y\. 

(2) We take vjn to be R 2d -valued rather than Revalued in (A.6) because we use a circular 
ensemble as a finite particle approximation fi N for the Dyson model in Thcorcm l2.5l In this 
case we approximate R by a torus embedded in the upper half plane R^_ = {(x, y) ; y > 0}. 

(3) As in the Ginibre random point field fTheorem !2.6p we simply take wn(x) = (x, 0), that 
is w 2 N = 0. Thus for a Ginibre random point field we do not extend the range of wm to R 4 
from R 2 . In this case ^ N (x, y) = y) = -2 log \x - y\ for all N. 

We denote (s, /) = J^i f( s i) f° r s — J2i <^*i- Then by construction 

(2.25) h£(s,s) = (s, l s » {* N (x, •) - •)})• 

Let &rri (^mn)l <n<2d, where m = l,...,2d. Let R TO denote the 2m-dimcnsional 
subspace of M. 2d spanned by {ej, e<j+,-}i<i< TO . Let P m denote the orthogonal projection onto 
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the subspace R m under the standard inner product on K 2rf . For 2 < m < d and a nonzero 
vector x £ R 2d let 9 m (x) denote the angle between the vector P m (x) and the subspace 
Rro-i- We take 8 m (x) to be — n/2 < 9 m (x) < n/2. For m — 1 and a nonzero vector x £ R 2d 
let 9\{x) be the angle between Pi(x) and ei. We take —n < 9\{x) < n, 6*i(ei) = and 
9\{ed+i) — tt/2. (Recall that Pi(x) £ Ri and that Ri is spanned by ei and e^+i). 

Let ti(0) = cos(6>) and t_i(6») = sin(0). Let I = {i = (i u ...,i d );ij = ±1}. For i £ I 
and £ £ N, let :R 2d \{0} ->R be the function defined by 

d 

(2-26) t M (ar) = J| t lm (£9 m (x)). 

m—l 

For an increasing sequence {b r } of natural numbers we take in (A. 5) as follows: 

(2.27) Sf = {se5; \w N (s)\ < b r }. 
We now define the map :S— >R and the set U^i.^/c by 

(2.28) u#,r,.(y) = (y s (*m ° w N )\w N \-% ?s ), 

(2.29) U £ .i. r , fc = {y £ 5 ; sup sup |< ; rs (y)\ < k}, 

NeN r<s£N ' ' ' 

where i £ I and £,r,s£N such that r < s. Let = U^S^. Let 

(2-30) uf(y) = <y,|^|-% f J, 

(2.31) = {y £ S ; sup uf (y) < fc}. 

AreN 

With this preparation we introduce the assumption below. 
(A. 7) There exist {b r } and a natural number £$ such that 

(2.32) lim liminf^UVfc) = 1 

(2.33) lim liminf^ Ar (U^. i ,r,fe) = 1 for all r € N, 1 < I < £ , i € I 

k — >oo iV — >oo 

When £q = 1, according to our interpretation, (|2.33p always holds by convention. 
We give a sufficient condition of (A. 5) when the interaction is logarithmic. 

Theorem 2.3. Assume (A. 4), (A. 6), and (A.7). Then (A. 5) holds. 

Condition (|2.32p of (A.7) is easily checked because it follows from the estimate of the 1- 
correlation function. On the other hand, condition (|2.33D of (A.7) is much more subtle. 
Hence we give a sufficient condition for (|2.33p . This condition is used in the proof of 
Theorem 12.51 and Theorem 12.61 

Let = {s £ S; \m N (s)\ < r} and = S*?\S? . Let G$J.:S->R such that 

Here [•] is the minimal integer greater than or equal to • and y = 5 Vi . Let 

(2.35) ~4 Xr = sup |u*#|. 

Men 
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Theorem 2.4. Assume (A. 4) and (A. 6). Assume for each i G I and 1 < I < £q, there exists 
ajeN and a positive constant cj satisfying 1 < j < £ and 

(2.36) lim rW 3 sup \\u\. r \\ L u S ,(,*) = 0. 

r ^°° N£N : ' 

Then fi N satisfies (12.33)) . 

2.1 Dyson model in infinite dimensions (Dyson IBMs). 

Let S = R. Let Pdys,p (/? = 1,2,4) be the probability measure on S whose n-correlation 
function p^ ys ^ is given by 

(2.37) p^ ys j3 {xi, ...,x n ) = det(K sini(3 (a; l - Xj))i< it j< n . 

Here we take K s j ni 2(a;) = sin(7ra)/7r:r. The definition of K S i n ( g for j3 = 1,4 is given by (|8.4|) 
and (|8.6p . We use quaternions to denote the kernel K s i Uy p for (3 = 1,4. The precise meaning 
of the determinant of (|2.37p for (3 = 1, 4 is given by (|8.3p . 

The kernel K s i ni2 is called the sine kernel. We remark that K s i lli2 (i) = ^ f\k\<ir e v/=Ifct dk 
and < K s ; n .2 < Id as an operator on L 2 (R). 

Theorem 2.5. pdys.p (/3 = 1,2,4) satisfy assumptions (A.l), (A. 2), and (A. 3). Here we 
take <J>(x) = and *(x, y) = -/31og \x - y\ in (A. 2). 

By Corollarv l2.ll and Theorem 12.51 we obtain 

Corollary \2.5\ 1. Let T>^ , L 2 (S, /it)) be the Dirichlet space in Proposition 12.11 with 
a = (Ski) and p, = Pdys,p ■ Then there exists a /i- reversible diffusion (X, P) associated with 
(^,^,L 2 (S,/i)). 

Remark 2.4. (1) We write X t — J2iez^xi- Here X t = (Xl) iG z is the associated labeled 
dynamics. It is known [16 that particles X\ never collide with each other. Moreover, the 
associated labeled dynamics (JQ)i 6 z is a solution of the SDE 

(2.38) dX\ = dBl + - lim V - ?dt (i G Z) 

|x t j |<fljezj^ 4 * 

with (Xq) = (xi) for /x dyS!/ 3-a.s. x = J2i^i- 

(2) We remark that p-dys,/3 is translation invariant. The dynamics X t inherits the translation 
invariance from the equilibrium state /Mys,/3- Indeed, if X t starts from the distribution /Ltd ys ,/3, 
then the distribution of X t becomes translation invariant in time and space. 

(3) One can easily see that p\ ys p(x) = 1. By scaling in space we can treat the Hdys,0 with 
intensity p\ ys p(x) — p for any < p < oo. 

2.2 Ginibre interacting Brownian motions. 

Next we proceed with the Ginibre IBMs. For this purpose we first introduce a Ginibre 
random point field, which is a stationary probability measure for a Ginibre IBM. 
Let the state space S of particles be C. Let 

(2.39) K gin (z!, z 2 ) = - exp(-^ - ^ + zi ■ z 2 ). 

7T Z Z 
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Here z\,z% £ C. Let /Lt g i n be the probability measure whose n-correlation p" in is given by 

(2.40) PginC^i) ■ ■ ■ ) z n) = det(K gin (zj, Zj))i<ij< n - 

We call /igi n the Ginibre random point field. It is well known |13j that /z g i n is the ther- 
modynamic limit of the distribution of the spectrum of random Gaussian matrix called the 
Ginibre ensemble (cf. [22]). which is the ensemble of complex non-Hermitian random NxN 
matrices whose 2N 2 parameters are independent Gaussian random variables with mean zero 
and variance 1/2. 

Theorem 2.6. [ig n satisfies assumptions (A.l), (A. 2), and (A. 3). Here we take 3>(z) = \z\ 2 
and *ff(zi, Z<i) — —2 log \z\ — z-x\ in (A. 2). 

By Corollarv l2.ll and Theorem 12.61 we obtain 

Corollary \2.6\ . Let (£ M , 2?^, L 2 (S, fj,)) be the Dirichlet space in Proposition 12.11 with 
a = (<5fcz) and \x = /igin- Then there exists a /x-reversible diffusion (Z, P) associated with 
(£»,V»,L 2 (S,fi)). 

We write Z t = ^2 ie2 S Z i. We see ^ na * tne associated labeled dynamics {ZX)i£i is a 
solution of the SDE 

(2.41) dZ; = <£B* - Zldt + lim V Z t~ Z t dt u e Z )_ 

|z||<fl, jez, 14 fl 

Here Z\ £ C and are independent complex Brownian motions. 

We remark that the kernel K g ; n is not translation invariant. The measure /i g j n is however 
rotation and translation invariant. Such an invariance is inherited by the unlabeled diffusion 
Z t = X^igz ■ This may be surprising because SDE (|2.4ip is not translation invariant at 
first glance. In a forth coming paper we show that (Zl)i e % satisfies the following SDE 

(2.42) dZ\ = dBl + lim V — l - t-dt (i £ Z) 

V ; t t ^ ^ \Zl-Zi\ 2 



\Z\-Z\\<R, jGZ, j& 



if Z t starts from the distribution /i g i n - The passage from (12.411) to (12.42[) is a result of 
the cancellation between the repulsion of the mutual interaction of the particles and the 
neutralizing background charge. 



3 Preliminaries from the Dirichlet form theory. 

In this section we prepare some results from the Dirichlet form theory and give a proof of 
Proposition 12.11 The proof of Proposition 12.11 is essentially the same as in [H] and [T5] 
although the notion of quasi-Gibbs measures was not introduced in these papers and the 
statement was different to Proposition ^. II For the reader's convenience we present the proof 
here. 

We begin by recalling the definition of Dirichlet forms and related notions according 
to [3] and [T5]. Let X be a Polish space and m be a tr-finite Borel measure on X whose 
topological support equals X. Let T be a dense subspace of L 2 (X,m) and £ be a non- 
negative bilinear form defined on T . We call (£,J r ) a Dirichlet form on L 2 (X, m) if (£, T) is 
closed and Markovian. Here we say {£,T) is Markovian if u := min{max{w, 0}, 1} £ T and 
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£(u, u) < £(u, u) for any u 6 T . The triplet (£, T , L 2 (X, m)) is called a Dirichlet space. We 
say {£ , T, L 2 (X, m)) is local if £ (u, v) = for any u,v £ T with disjoint compact supports. 
Here a support of u e J 7 is the topological support of the signed measure udm (see [3J). 

For a given Dirichlet space there exists an L 2 -Markovian semi-group associated with the 
Dirichlet space. If the Dirichlet space satisfies the quasi-regularity explained below, then 
there exists a Hunt process associated with the Dirichlet space. Moreover, if the Dirichlet 
form is local, then the Hunt process becomes a diffusion, that is, a strong Markov process 
with continuous sample paths. 

We say a Dirichlet space (£ , J- , L 2 (X , m)) is quasi-regular if 
(Q.l) There exists an increasing sequence of compact sets {K n } such that \J n !F(K n ) is 
dense in T w.r.t. £\J 2 -r\orvr\. Here T(K n ) = {/ € T ; f = m-a.e. on K^}, and £^ 2 (f) = 

£(fJ) 1/2 + \\f\\m E , m y 

1 /2 

(Q.2) There exists a £ x -dense subset of T whose elements have £-quasi continuous in- 
version. 

(Q.3) There exist a coutable set {u„}„ e pj having 5-quasi continuous m-version u n , and an 
exceptional set Af such that {u n }n£N separates the points of E\Af. 

Lemma 3.1. (1) Assume (A.l). Let (£^ 1 T> I ^ ) be as in (|2.2p with aki = Su- Assume 
(£^,2?^) is closable on L 2 (S,fi). Then its closure (£^,T>^) on L 2 (S,/i) is a local, quasi- 
regular Dirichlet form. 

(2) In addition, assume (A.O) and that (£ a ^,V^f) is closable L 2 (S,/i). Then its closure 
(£ a >^ ,X>^) oni 2 (S,/i) is a local, quasi-regular Dirichlet form. 

Proof. (1) follows from [14| Theorem 1], in which we suppose that the density functions 
are locally bounded and Ylm=i < oo. We remark that these assumptions follow 

immediately from (A.l). We have thus obtained (1). 

Let eg = c[X]sup |ao(s, s)|. Then by (A.O) we see that c|g]< oo and 



We now proceed with the proof of closability. Let /x™ be as in Definition ^. II We remark 
that M™ = M by construction. Let £™< a ^ b e the bilinear form defined by 



Then we have £ a,M = J2m=i £™' a,/i for each r £ N, where £ a ' M is the bilinear form given by 
(|2.2[) . We now quote a result from [13] . 

Lemma 3.2 (Theorem 2 in [TJJ). Assume (£™' Q ^,X>^) is closable on L 2 (S,/i) for all 
r,m e N. Then ,V%f) is closable on L 2 (S,/i). 

Proof. When b r — r and the coefficient is the unit matrix, that is, aui (s, s{) — Ski, Lemma l3.2l 
was proved in Theorem 2 in [14] . The generalization to the present case is trivial. □ 

Let /i™ fc as in Definition 12.11 Define the bilinear form £™£^ by 



■D a >»DV", £ a ^(f,f)<^(f,f) for all / e Z>". 



Hence (2) follows from (1). 



□ 



(3.1) 




(3.2) 
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Lemma 3.3. Assume (E™^ \£>£f ) is closable on L 2 {S,^ k ) for all k. Then (£™> a ^ ,V%f) 
is closable on L 2 (S,/^). 

Proof. By (|2.7p we have fi" l k < /i. This implies (STl"'^, D 1 ^) is closable not only on 
L 2 (S,fi™ k ) but also on L 2 (S,fi). By (27]) the forms {(£$ 0,/i , £>£f )} are nondecreasing in k 
and converge to (£™' a '» ,V%f) as fc -> oo. Hence (£ r m ' Q ^, X>£f ) is closable on L 2 (S,^) by 
the monotone convergence theorem of closable bilinear forms. □ 

Let M™fc,s be as in (HU). Let g) = f s ®V , 9W™ k<s - By (OJ and ([2jJ 

(3-3) ^{f,g) = Je% a /(f,g)v% k (ds), 

(3-4) H/Hi»(s»,^) = / Il/H^(s»,^, s )^ fe (*). 

Lemma 3.4. Assume (£yj!"'' J ,I > £^ 1 ) is closable on i 2 (S™,^i™ fc5 ) /or [i™ k -a.s. s. Then 
JS cfoaaile on L 2 (S,//™ fe ). 

The proof of this lemma is the same as Theorem 4 in [T3] . We give the proof of Lemma l3~4l 
in Appendix (see Section flO.ip for the reader's convenience. 

Lemma 3.5. Assume (A.O), (A.2), and (A.3). Then (£ a ^, T)%f, L 2 (S, //)) is closable. 

Proof. By (A.O), (A.2), and (A.3) and by using Lemma 3.2 in [H] we see that (£™^ S ' M , £>£f ) 
is closable on L 2 (S™, /Lt™ fe s ) for /i™ fc -a.s. s. Combining this with Lemma l3~2l Lemma l3~3l and 
Lemma T3.4l we conclude Lemma l3~5l □ 

Proof of Provosition Um Proposition ^. ll follows immediately from Lemma [3.1l and Lemma [3.5l 

□ 

Proof of Corollaru \2.1\ By Proposition ^. H and [4, Theorems 4.5.1] there exists a /i-symmetric 
diffusion whose Dirichlet space is (£ a,M , 2? a ' M , L 2 (S, Since 1 6 V a fJ/ , the diffusion is 
conservative, which completes the proof. □ 



4 Proof of Theorem D 

In this section we prove Theorem l2.2l Let fj, and fj, N be the measures in Theorem [221 These 
measures satisfy (A. 4) and (A. 5) by assumption. We fix r, m € N throughout this section. 

Lemma 4.1. Assume (|2.14[) and (|2.15[) in (A. 4). Then lini/v^oo fi N — fi weakly. 

We give the proof of Lemma 14.11 in Appendix 110.21 

Let S r and S™ be as in (JUJ). Let be as in (g3B| . Set Sf' m = {s e S;s(Sf ) = to}. 

Lemma 4.2. Let H r!fc &e as in ([2~2T]) . Let /i^ m = /i W (- n Sf' m n H r , fe ). TTien there exists 
a subsequence of {/i r k m }, denoted by the same symbol, and measures {[i™ k } such that 

(4.1) lim = weakly for all r, k, m. 

Moreover, the measures satisfy ()2.7|) . 
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Proof. By Lemma 14.11 we see that {/J. N } is a weak convergent sequence. This combined 
with n^j™ < fi N shows that {fi r '™} is relatively compact for each r,k,m E N. Hence we 
can choose a convergent subsequence {/i"^ r ' fc ' l:m } from any subsequence of {/i^L m } for each 
r, k, to. Then by diagonal argument we obtain (|4.ip . 

Since H,. jfc C H r!fc +i C S, we have /i r ^ m < M^fc+r This deduces fi™ k < fJ.™ k+1 by P~T]) . 
By gT|) we see that, for / G C 6 (S) 

1 1 /d^ - J fdtf?\ < Jim | J fd^k J fd^lTl 

+ limsup | J fd^ X m - J fd^> m \ + Jim | J fd^> m - J fd&\ 

=iim S u P i / /d<r- / fd^n 

<{sup|/(s)|}.limsup^ m ({H r , fc } c ). 

s jV— >oo 

By (|2.22p we see that the right hand side converges to as k — + oo. These prove (|2.7|) . □ 

Let ft* = H*y' wN and c 9 (iV) = / s ^,„ e~ n ? «A(dx). 
Lemma 4.3. Suppose (a(S™) > 0. TTien t/iere exists an Nq such that 

(4.2) sup maxW(AT),(ra(7V)}<oo. 

7V <AT6N ^ 

Proof. By (A.4) and ([2~19f we see that c 10 := sup{-Wf(x); N G N,x G S^'" 1 } < oo. Hence 
qgjCAT) < eUDL By pTTT)) . (|2T3|l , and the bounded convergence theorem, we have 

(4.3) lim / e^ H " (x )A(dx) = / e- w "WA(dx) > 0. 
N ^°° Js?- m Js™ 

Hence we have lim inf <^N) > 0. Combining these yields (|4.2|) . □ 

Let V N , S?, and S? s be as in (A.4) and (A.5), respectively. Let = (U^ r Sf )\Sf . 
For x, s G S we write x = ^ S X( and s = ^ S Sj . We set 

(4.4) #^ st (x, s) = ® N {xh Sj) for r < s < t < oo 
^, S oo( x =s)= ^fa.aj) forr<s<oo. 

For a subset A and to G N we set A m = {s G S;s(A) = to}. For s, t G A m we set 
dAm(s,t) = minyi^i \s{ — where the minimum is taken over the labeling such that 
ita(s) = J2iS Si and ttaOO = The following lemma is crucial in controlling the 

unintegrability at infinity of logarithmic potentials. 

Lemma 4.4. (1) Let c\\ — TO/csup A r eN diam(S' ) ? v ), where diam means the diameter. Then 

(4.5) sup sup sup sup |$ff ra (x, s) - &*(x', s)| < <mi 

(4.6) sup sup sup sup |*^ soo (x,s) - ^ soo (x',s)| < £[771 

(2) Let r < s G N and I G N fee /feed. Let S^' n = {xeS; x(S^) = ra}. T/ien 

(4.7) sup sup sup (y,s)-*f (y',s)|/ ( i sf „(y,y')</. 
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Proof. We first remark that supjy eN diam(S'^ v ) < oo by (|2.6[) and (|2. 19|) . We obtain (1) 
immediately by ([^0]) . (jlOTj) and 1(0]) . Indeed, by (f2~2Tj)) and [[O]) we see that for all 
x = E S Xi and x ' = E S x > in Sf 

|*^„(x,s)-*^„(x , ,s)| <m sup \h% s (x,x',s)\. 

This combined with the definition of H r fc yields (|4. 5[) . The proof of (|4. 6[) is similar. (2) is 
immediate from (|2.2ip and the definition of the metric d S N,„. □ 

Let M^fc™ rs denote the conditional probability of //„ i m given by 

Vr,k m s,rs( dx ) = Vr.'r^S? € dx\ TT S N (s)). 

By construction we have 

(4.8) M r ,fe 7T 5 «(dx) = y /V.fc.s.rsW/V.fc 07r 5«( dS )- 

By (A. 4), ^ is a ($ iV , v I /Ar )-canonical Gibbs measure. Hence ^klrs IS absolutely con- 
tinuous with respect to e~ w "M A(dx). So denote its density by cr^,™ rs : for /x^ m -a.e. s 

(4-9) <0->)e- <W A(dx) = 

Moreover, for ^j^-a.e. s, the density o-^j™ rs is expressed such that 

(4-10) <&,(*) = e-<~^ r .(x, s)/^s). 

Here r^, s (x, s) and (s) are defined by 

(4.11) r£ s (x,s) = l sf , m (x) / l Hr , fc (^(s)+z)e-<™(v)-<,»(v)^o,-| (dz), 

(4.12) #),/ e -^Mr»(x,s)e-<MA(dx). 



Lemma 4.5. Lei -ZVq 6e as in Lemma\4.3\ Then there exists a positive and finite constant 



C13 = qjg|(r, to, fc) smc/i i/iat /or y^,'™ -a.e. s 

(4.13) cjjj < cr^™ rs (x) < <rj^ for all x e - m , r < s € N, and jV < TV e N. 
Proof. By (|4.6[) and (|4.1ip we have for /i^ m -a.e. s 

(4.14) sup sup sup 7^ a (x,s)/7^ a (x',s)<eini 

By flUm we see that 
(4-15) <&>)/<&„(>0 = e-<~M+^™^. s )< rs (x ) s)/< rs (x',s). 

Substituting (|4~5f and (|4~T4f into ([4~T5ll implies for ^, m -a.e. s 

sup sup sup a £ {x)/(T rk (x) < e UU. 
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Hence for fj, ; m -a.e. s we see that for all x, x' £ S^' m , r < s € N, and N £ N 

(4.16) e- 2 a^ s (x') < < fc ™ rs (x) < e 2 m^ rs (x')- 

Multiply ([SgD by l s «, m (x')e _w " (x,) and integrate with respect to A(dx'). Then by ([43|) 
we deduce that for /i^, m -a.e. s 

(4.17) e^ffi] < <r?g ra (x) / e' H "( x ')A(dx') < e 2< M for all x S Sf - m . 

This combined with (|4.2p yields (|4.13|) with cpr^l = e2< Elsup A r 0<7VeN max{^ 1 (A r ), tjg^W)}. 

□ 

Let = H*jv'* and H rs = H*'*. By (12.14j) and (12.15|) we see that /tt^ m o 7r~^, and 
//™ fc o TTg 1 are absolutely continuous with respect to A, respectively. Hence let A N and A 
denote their Radon-Nikodym densities with respect to e _W "A and e~ 7irB A, respectively. 

Lemma 4.6. (1) (<L r '™ ° tt^^ converge weakly to o vr^ 1 as N — > oo. 
(2) A^e""™ converge to Ae~ n ™ in L^S, A) as AT -> oo. 

Proof. Let £ = {s e S ; lim^^co S^ s (sn) ^ S rs (s) for some {s^v} such that limsAr = s}. 
Then by (A.l) and ([2~19| we see ^(E) = 0. It is known that this implies (1) (see p. 79 [2]). 

By (1) it is enough for (2) to show that the sequence {A N e"^^} is relatively compact 
in L 1 (S, A). By (|2.14[) and (|2.15[) we see that cu :— supjv eN sup s A N e^ n ^ < oo. Hence this 
follows from the relative compactness of {A N e~ nrs l S N, n }N £ ff in L 1 (S, A) for each neff. 

Let be as in (l2~2Tl) . We set ^ = H S^' n n H S)i ). Let A^ denote the 

Radon-Nikodym density of /x^ o 7r~ji with respect to e~ w ™ A. Since fj,^ < (i^j™, we see 
that 

A»e- n "<A N e- n ". 

Combining this with (|2.22[) yields 

(4.18) lim limsup \\A N e~ n ™ - A^e~< || L i (S>A) < Km lim sup /^(H^) = 0. 

Hence it only remains to prove the relative compactness in L 1 (S, A) of {A^e~ w ™} Men for 
each n, I G N. Let S N ' q = S% n {|s - > 1/g} and set 

S^(?) = {s £ n H s>i ; s(S£\S"'') = 0}. 

We define S„z(g) similarly with the replacement of S^™, S^ s , and by S" s , 5 rs , and S r , 
respectively. Then since {A^e~ W "}Ar S N is bounded by c fp^ the relative compactness as 
above follows from that of {A^e -W "lsN( 9 )}AreN for all sufficiently large q £ N. Let 

(4.19) ^(g) = S up S u P {|^ rs (x,y)-^ s (x,y')|/d s ^(y,y');xeS^ ro , y,y' G S^(g)}. 

iVeN 

Note that 

A*(y) = const. J l Hr<k nH 3>l K« (y) + z) e -<«^-*«.-^)^ o tt"^ (dz). 
Then we deduce from (|4.19p and Lemma l4~4l (2) the following. 

(4.20) sup sup A£(y)/A^(y') < a W(9W *"(»'» for all g e N. 
iveNy.y'es^Cg) 
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Hence {A^}jveN is equi-continuous on S^(g) for each q € N. This deduces that {A^1 s jv( ? )}jvgN 
is bounded in L°°(S, A) for sufficiently large q € N because {A^e~ w ™ l s w ( g )}jveN is bounded 
in L 1 (S, A) and {e~ w ™l S iv ( g )}jveN converges in L 1 (S, A) to the limit e^ 7irs l Snl ^ q - ) such that 
l|e"' H, ' 3 ls„ ! ( 9 )||Li(s,A) 7^ for large q. Here we used P37| . and (JHH). 

These combined with (|2.19|) and the Ascoli-Arzela theorem imply that { A^e -7 ^™ 1 s jv ^ }n&i 
is relatively compact in L 1 (S, A). □ 

Lemma 4.7. Let [i™\ srs denote the conditional probability of fj,™ k given by 

»™k,s,rs(dx) = ii% k {ir Sr (s) G dx l TO,, (s)). 
TTien we /iaue £/ie following. 

(1) M™/c s rs * s absolutely continuous with respect to e -7 ^*' A(dx) for [i™ k -a.e. s. 

(2) For eac/i r,m,k S N, i/ie Radon- Nikodym densities er™ fc rs o/ rs m (1) satisfy for 
/j,™ k -a.e. s and allsGN smc/i i/iai r < s 

(4-21) cjjg < < fe>s , rs (x) < cfjj /or /x^ fciSirs -a.e. x. 

Proof. Similarly as Lemma 14.61 (1), we see that \\ k m ° (7t s jv , tt^jv ) _1 converge weakly to 
/■Cfc (TO-, ^s^) -1 as A^ — » oo. Hence for f , g G Cfe(S) we have 

(4-22) / f(^(s))g(7r Srs (s))^ fc = lim / f (^ s « (s))g(^„ (s))^^- 

By Lemma l4~5l and the diagonal argument, there exist subsequences of {o~ rk ^ rs }N, denoted 
by the same symbol, with a limit cr™ fc s rs such that for all k, m, r < s S N 

(4.23) lim a$" r >s*(s)) = < fcA „fa r (s)) *-weakly in L°°(S, A), 
Here o-™fc,,,r« is a Unction such that ct^^M = <X^s,»(s),r S (TO,(x))- Let 

(4.24) F N (s) = f(^ s «(s))g(^«(s))A JV (s)e- H "( 5 ) 
(4-25) F(s) = f(7r s ,.(s))g(^ s „(s))A( S )e- w "( s ). 

Then by (12 . 1 9[) and Lemma 1431 (2) we see that F^ converge to F in L 1 (S, A). This combined 
with (14.23)1 implies 

(4-26) lim / F»{s)<r?£ trt (s)dA = f F(s)a^ rs (s)dA. 

By dUg) , fOfJ|) and &{\/)er n ^ A(dy) = ^ n fe o 7T^(dy), we obtain 

f(x)g(y)dM%= / f(x)g(y)< fci5iI . s (x)e^'-WA(dx)^ fc o^ 1 s (dy), 



where x = 7rs r (s) and y = 7rs rs (s). Hence we obtain (1) with density cr™ fc s rs . 

By d333D and (p4~2"3"ll we see that o-™ fesrs satisfies (|OI)t . which implies (2). □ 

Lemma 4.8. Let /i™ fcs (dx) be as in ()2.9|) . Lei er™ fe s rs be as in Lerama \^7\ Then the limit 

(4-27) < fc ,sW ~ lim <fc,,,„M /#k,.-o-*- x 

esisis /or n™ k -a.s. s. Moreover, o™ ks satisfies fi™ k -a.e. s 

(4.28) cg|< tr™ fci ,(x) < <Q2| /or M™fc,s-a-e- * 

(4-29) <7- fcti (x)e- w 'MA(dx) = ^, s (dx). 
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Proof. Define M s :S->R by M,(s) = cr™ s rs (x), where x = vr Sr (s). Recall that <J™ k ^ rs is 
the Radon-Nikodym density of rs with respect to e~ nr ^ A(dx) . Hence 

(4.30) M s (s)e- n ^A(dx) = ^ Sr>w ,„(dc). 

Let .Fs = cr[7Ts»,, 7Ts rs ], where r < s < oo. Then by (14.30[) we see that {Afg}se[r,oo) i s an 
(.F s )-martingale, which implies Moo(s) := lim^oo M s (s) exists for fi™ k -&.e. s. Since 

M s (s)=< fei7rSrs(s)irs (7r Sr (s)), 

we write the limit as M 0O (s) = ^ fc , 7rSr . oo ( s )(^ r .(s))- We set <r^ ks (x) = ^k,n Sroo (s)(^sA x ))- 
By the disintegration (|2?T0|1 this deduces P~2T)) . 

We immediately obtain P~2"g| from P~2"T)) and P~2T)) . 

We see that {M 8 } se t r)0O ) is uniformly integrable by (|4.2ip . Hence by (|4.27|) we see that 
M s (s) converge to Moo(s) = cr™ fc s (x) strongly in L 1 (S™, n™ k s ), which combined with (14.30|) 
and the definition M s (s) = <7™ fcs rg (x) yields 1(05)1 . □ 

Proof of Theorem \2.SX Let be as in Lemma 14.21 Then by Lemma 14.21 we see 

that {[J.™ k } satisfies (|2.7I) . Moreover by Lemma |4~%1 we see that [x^ k s satisfies (|2.8I) . which 
completes the proof of Theorem 12.21 □ 



5 Proof of Theorem 12.3 , 



In this section we prove Theorem 12.31 We assume (A. 6) throughout the section. 
For y G S and x £ we set vf r s {x,y) by 

/r-n N I \ I WN ( X ) 1 1 COSiZ(zU N (x), W N {yi)) ( sir, 

(5.1) v£ (x,y) = > : —- ifw N (x)ytO, 

and v^ r rs = if wn(x) = 0. Here y = Y^i^vt an d ^-{ x iV) denotes the angle between the 
non-zero vectors x and y in R 2d . Let 

(5.2) V^ r> fc = {y £ b ; sup sup sup — — : f- 2 < k\. 

NeNr<seN x ^x'£Sf \X — X \ 

Lemma 5.1. Assume (|2.33ll and that £q > 2. T/ien £/ie following holds. 

(5.3) lim liminf n N {V{, r ,k) = 1 /or all r £N, 1 < £ < £ - 

k — *-oo N — >oo 

Proof. Let (9i(x), 6» d (x)) be the angle of x £ R 2d \{0} defined before (|2~2^)) . Let t M be 
as in (|2.26| . Then it is easy to see that for x, y ^ 

d 

(5.4) cos£A{x,y) = [] cos^(fl m (aj) - 6 m {y)) 

= {cos^0 m (x) • cos £9 m (y) ~ sm£8 m (x) ■ sin £9 m (y)} 

m— 1 

d 

= J2i II J ™> M*) ti,/(tf) (by HMD ). 

igl m=l 
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Hence by (|2^g|> , (JS3J) and (H]) 

(5.5) < r >,y)-v^ s (*',y) 

= e Dn^) [\^n(x)w^n(x)) - \w N (a/)\ i t^(w N (x'))] y^vp 

d 

= ^(J|i m ) [\w N (x)\hi t i{w N (x)) - \w N (x')\\ e (w N (x'))] uf irs (y). 
igl m=l 

This yields 

( 5 - 6 ) — — u _ ^ < nnE Ki--(y)l- 

Here C15 is the constant defined by 

\\w N (x)\ £ t ii i(m N (x)) - \w N (x')\hiAvj N {x'))\ 

C[X5]= SUP SUP : . 

NeN x ^x>€S"\{0} \X — X\ 

By (f2T24|) and (1^26]) we see that < 00. From this, ((H6]) and ([233]) . we obtain ([5T3]) , □ 
Lemma 5.2. Let x, y € R 2d such that \x\/\y\ < 1. Le£ r = |x|/|y|. TTien 



(5.7) 



l0gl ^"^ |2 + 2 ^^ C0S ^ (a; ' y) 



< |./o / | 1 _ r |. 



Proof. Let 6* = Z(x,y). We see that 

log |^ - /-| 2 = log (1 + r 2 - 2rcos8) = log(l - re^ 16 ) + log(l - re-^ 16 ). 

\y\ \y\ 

Then (|5.7p follows from the Tayler expansion. □ 

Let vg{x,y) = |^(x)|^/|l - gf|*°. Set 
(5-8) Jx,x',y)= sup \vf (x,yi) - vf (x',yi)\, where y = V 8 Vi , 

(5.9) V £o!r . fc = {y ; sup sup \v? r (x,x' ,y)\/\x - x'\ < k}. 
Lemma 5.3. The following holds. 

(5.10) lim liminf ^(V^^fe) = 1. 

k — >oo N — >oo ' ' 

Proof. Let f(s,t) — s e °/(l — s/t) e ° for < s < b r < t. Let c\$ be a constant such that 

(5.11) sup \jj-{s,t)\ < <^t-K\- [to+1) for aU b r < t < 00. 



0<s<b r 



Let C17 = supjv gN sup xeiS w |ro^-(x)|. Note that v^ (x,y) — f(zajsr(x), rojv(y)) by definition. 
Let ci 8 = ( qi6ffT7l ) 1/2(<?0+1) - Then we have 

(5 12 ) ^ V ^,r( a: ^ , ^y) jl/2«' + l) = j gup I^OMfe) ~ -L, ^( X ''^)l jl/2(£ Q + l) 

N-^'l j.es^ \x-x'\ 

<ann sup |n7jv(v,-) — 6r] _1/a (by (EE)) 

E - &r|" 1/a } + |6r+l - 6r|" Va )- 
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This yields 



E" [[ 



N rr V ZA X > X '' y ) 11/2(^+1)1 



< 



IX — X 



S N , , Wn{v) ~ brl 1 / 



\b r+1 ~b r \v 



1/2 J - 



Hence by (gHH) and ([2~2"4"|) we have sup JVeN £ , ' i [[vf r (x, x' , y)/\x 



r in i/2(^o+i) 



thus obtain Lemma 15731 by Chebychev's inequality. 



] < oo. We 
□ 



We are now in a position to prove Theorem [ 
Proof of Theorem\EE (l2~T51) is clear from (l2~2TD . (l2~Tgi) follows from (l2~2l) . S^* = 5\ 
and <& < oo a.e.. So it only remains to prove (|2.22[) . We note that f|5.3|) and (|2.32[) hold by 
Lemma T5. II and (A. 7). 

Let h^ s be as in (|2.20[) . If vjn{x) = 0, then h^ s (a;,y) = 0. So we suppose rojv(a;) ^ 0. 
By (A. 6) and (|2~2"0")) . we see that 

h^ s (a;,y)=-y9 J! { lo S \™n(x) - ™ N {yi)\ - log \zu N { yi )\} 

vies* 



|wjv(j/i)| \&N(yi)\ 



Hence by (|5.1[) and Lemma I5T21 we have 



(5.13) 



\h»(x,y)-h"(x',y)\<[3 



N i J 



io-l l 



"7" 1^^'^) ~ u iI( a; '>^)ll n7 A'(y»)r 



Let A = {(N,s,x,x');N £ N,r < s £ N,x ^ x' E S^}. By taking the supremum over A, 
by noting 1 < b r < wn{v) for 2/ S and by using the notations given by (|5.ip . (|5.8p and 
(|2.30p . we deduce the following from (|5. 13|) . 



(K , A , |h^(x,y)-h^,y)| 

(5 - 14) T ^ 



^1 Iv^(^y)-vf r , s (x',y)| 

£=1 A 



kr — x 



i K>,z',y)l 



7" SU P 

*0 A 



supujX(y) 
\x-x'\ N m 



Combining |5~TI)) with §FH\ , ([5~2"1) and flOTj) . and taking ci 9 = 1/034), we obtain 

Hr,k D { fl v ' ,r 'H^} n^o,r,v^n o ^,<u^- 

This together with Lemma [57T| Lemma [5731 and ([2~32]) implies ([2722]) in (A.5). 



□ 



6 Proof of Theorem 12.41 



In this section we prove Theorem 12.41 
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Lemma 6.1. Let u^° r be as in (|2.34[) with j = 0. Assume (|2.36p holds for some j > 1. 
TTien {u^-^} converges in L 1 (S,/i N ) and £/ie Zzmii u^ 1 ^ := lim,.—^ Uc-° r satisfies 

(6.1) lim sup || sup 10^'° - u^°| Hl^s^™) = °- 

Proof. It follows from (|2.34p that = and u t ^ r — J2q=2 l^iq 1 ~ ^iq-i) f° r r - 
Then by a straightforward calculation we have 

~N,j r—l ~N,j 

fa r,\ -JVj-1 U £,i,r . v-^ Ue ' " 



Let ; r be as in (|2"3S"j) . Then by (JOJ) we have 

~j r — 1 

( 6 - 3 ) " ! < h> , lN . 



p=2 



We now suppose (|2.36p holds for j and «J7]= C [7]C?) > 0- Then by (|6.3p we have (|2.36p for 
j — 1 with a positive constant — 1). Repeating this we obtain (|2.36|) for j = 1 with a 
positive constant cj^](l). Combining the last result with (|6.3|) with j = 1 and then using the 
Schwartz inequality in the summation yields (|6.ip . □ 



Proof of Theorem\2.4\ By (|6.ip we can and do choose {b r } and C20 > in such a way that 



(6.4) sup || sup luf; 1 ^ - uf;° I ||li(s, m n ) < qSUP r for a11 r e N - 

By (|2~27ji and ^TM) we have r s = - uf^. Then by we see that 

/ e c\ AT /ni i c\ jV/r i-JV.O ~iV,0 /-JV.O -Af.O m _ 

(6.5) ft ({Uf, 1)r ,fe} c ) = n ({sup sup |u-,' - u e : b - (u,,' - u ei b )| > k}) 



, AT/ 1 ~JV,0 ~N,0 1 . 7 /r>\ , AT/ 1 ~JV,0 ~N,0 i ^ , /0 \ 

<P (sup|u^' -u^ 6 J >fc/2) + 2^M (sup - u e : b \ > k/2) 

N£N ^T r NeN 

00 

xm - lrn i-JV.O -Af.O 111 , II i-JV.O -AT.O in t 

<2fc {|| sup K ; - u £ib J ||li(s,m") + zJI sup ' u Ai,oo - u«,i,6.l IUms,^)}- 
Here we used Chebychev's inequality in the last line. By l|6.4p and (|6 .5[) we have 
su PM JV ({U,, i , r , fc } c ) < 2fc- 1 c i2 ]{3- 1 - + -^t}. 

N 1 — o 

This immediately implies (|2.33p . □ 



7 Translation invariant periodic measures. 

In this section we make preparations for a proof of Theorem [23] 

Let S = M. d . Let :S^S be the translation defined by t x (s) = J2i $x+si f° r s = J2i ^s<- 
We say that a measure ^ on S is translation invariant \i v o t^ 1 = v for all a; € M. d . We say 
that v is L-periodic if /v(Tx ei (s) = s) = 1 for all i = 1, . . . , d. Moreover, we say that v is 
concentrated on A if z/(s(A c ) > 0) = 0. A measure v on concentrated on (— L/2, L/2] d can 
be extended naturally to the L-periodic measure v on the configuration space on R d . We 
refer to this measure v as the L-periodic extension of v. 
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Let Tn = (— njy/2, njy/2] d as before. Throughout this section we assume that v is 
concentrated on Tn and that v has the njy-periodic and translation invariant extension. 
Let p% be the n-correlation function of v. Then, by assumption, p%{x) = for x £ (Tjy) nN . 
Let TJv be the two level cluster function of v. 

(7-1) T N (x iy ) = p 2 N (x,y) - p 1 N (x)p 1 N {y). 

Then T N (x,y) = if (x,y) {T N ) 2 . If (x,y) G (T N ) 2 , T N (x,y) depends only on x ~ y 
modulo TVe,; (i = 1, . . . ,d), where is the zth unit vector. So let Tjv : R d R be the 
n^v-periodic function such that Tn(x) = T~n(x, 0) for x £ IV. We set 

(7.2) m N (0 = Pn(Q) - Fn(T n )(0- 

Here •T'aK/XC) = f-ga e~ 27r ^^-^' x flj N (x)dx denotes the Fourier transform of flf N . 

Lemma 7.1. Assume that v is concentrated on Tn and that v has the hn -periodic and 

translation invariant extension. Let h : M. d — ► R be real valued. Set hjv(s) = ^ s . 6Tjv h(si), 
where s = J^. 5 Si . Then 

(7-3) IMI^ ( s,.) = (^(0) / Kx)dxf + -±- d J2 \^N(h)\ 2 (Om N (0. 

JT » {nN > tET N n(Z*/n N ) 

Proof. By p x N {x) = p\ f (0)lf N (x) we see that 

(7.4) ih N dv= I h{x)p 1 N (x)dx = pjy(0) / h{x)dx. 



Let Var^fhjv] be the variance of h^v with respect to ;a By (17. ip and the general property 
of correlation functions we see that 

Var^hjv] = / h 2 {x)p 1 N {x)dx — I h(x)h(y)Tjy(x,y)dxdy 

JM d JM d yM d 

= Piv(°) / h 2 (x)dx- j h(x)h(y)T N (x - y)dxdy. 

We used p]^(x) = p] i (0)lr N (x) and T N (x,y) = l TN (x)lT N (y)T N (x - y) in the second line. 
By a direct calculation of the Fourier series we see that 

/ h 2 {x)dx = j±- d \^N(h)(0\ 2 



and 



/ h(x)h(y)T N (x - y)dxdy = 1 V] T N {h){£)T N {h * T N )(£) 

JTjvxTjv l^JVJ ?eTjvn(zd/njv) 



= tAi E l^)(0l 2 .M^)(0 

= E \FN(h)(0\ 2 FN(T N )(0- 

^ UN> ^T N n(Z d /n N ) 

Here we used the fact that Tn{Tn) is real valued because TJv(x) = Tjv(— x). Combining 
these with (|7.2p yields 

(7.5) Var^M = ^ £ l-M^I^W^ 

(|7.3p follows from (|7.4|) and (|7.5p immediately. □ 
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8 Proof of Theorems 12.5 



In this section we prove Theorem 12.51 bv using the previous results. We begin by defining 
K S in,/3 for = 1,4. For this purpose we recall the standard quaternion notation for 2x2 
matrices (see [131 Ch. 2.4]), 



1 











. ei = 





1 















1 









. e 2 = 


-1 


i e 3 = 








A quaternion q is represented by q = q^l + q^&i + q^e2 + q^&3- Here the gW are 
complex numbers. There is an identification between the 2x2 complex matrices and the 
quaternions given by 



(8.2) 



a b 
c d 



= \(a + d)l — ^(a - d)e 1 + ~(b ~ c)e 2 



(b + c)e 3 



We denote by 6( 



a b 
c d 



) the quaternion defined by the right hand side of 



For a quaternion q = q^l + g^ei + g' 2 'e2 + g^e 3 , we call g(°5 the scalar part of q. A 
quaternion is called scalar if gW = for i — 1, 2, 3. We often identify a scalar quaternion 
q = with the complex number g' ' by the obvious correspondence. 

Let q = q^l — {q^ei + q^e2 + q^e 3 }. A quaternion matrix A = [a^] is called self-dual 
if ay = cLji for all For a self-dual nxn quaternion matrix A = [dij] we set 



L(a) 



detA= ^2 sign[<r] JJ [0^(1)^(2)0^(2)^(3) •••a CT4 (^_i) CT< (i)] 
cree„ i=i 



(0) 



(8.3) 

Here a — u\- ■ ■ctl(o') is a decomposition of a to products of the cyclic permutations {it,} 
with disjoint indices. We write Oj = (oj(l), <7j(2), . . . , <n[i)), where I is the length of the 
cyclic permutation <Xj. The decomposition is unique up to the order of {<7j}. As before 
means the scalar part of the quaternion •. It is known that the right hand side is well 
defined. See Section 5.1 in [T3] for the details. 

We are now ready to introduce K s j njl g. Let S(x) — sin(7rx)/7rx, D(x) — 4j| (x) and 



I(x) = f£ S(y)dx. Moreover, let 



4) 




= e( 


5) 


K sin ,2(a;) 


= S(x] 


6) 


K s in,4(a;) 


-< 



S{x) D(x) 
I(x) — ^sgn(x) S(x) 



S(2x) D{2x) 
I(2x) S(2x) 



)• 



We thus clarify the meaning of (|2.37[) . In the proof of Theorem 12.51 below we see that the 
|Udys,/3 (P — 1)2,4) introduced in Section 12.11 have n-correlation functions p^ ys ^ given by 
(12~3T[) . (see [HI Ch. (11.3.48), (11.5.16)] @, 3, Ch. 4, 5] for the details). 

Lemma 8.1. Hdys.p (P = 1,2,4) satisfy (A.l) and (A. 3) with = (0, -/31og |sc - y\). 



2 J(r) = I( r ) - | in (11.3.47) in 13 should be J(r) = I(r) - |sgn(r) 
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Proof. Since the correlation functions {p2 ys 3} of /Jdys,/3 have the expression (|2.37[) and the 
kernels K s j nj/ 3 are bounded, we see that the {p^ys s) satisfy (A.l). We see that (A. 3) is 
clear. □ 

By Lemma fe. II it only remains to prove (A. 2); that is, A*dys,/3 is a quasi Gibbs measure 
for ($, = (0, — /Slog |x — y|). For this we recall some facts about circular ensembles. 
Let v N denote the probability measure on K njv defined by 



ri N n N 

7) dP N =-Y[l rN ( Xi ) Y[ | e 2 ^*./««_ e W^/™»|/3 dxi ... dXnjv; 



i—l i,j= l,t<J 

where Z is the normalization and Tjv = (— njv/2, njv/2]. It is well known [13j . [3] that the 
distribution of (e 2lrv/ ~ Txi /" JV )i<i<„ JV under is equal to the distribution of the spectrum 
of the circular orthogonal, unitary and symplectic ensemble for /3 = 1, 2 and 4, respectively. 

Let L be the map such that t((xj)) = ^ c)^. Set = o and let g^, denote the 
ro-correlation function of v N . Then by (|8. T[) we see that = for n > and 

0^---^„J = ^ II lrM\e 2n ^ Xi/nN -e 2 ^ Xj/nN flrAxj)- 

i,j=lA<j 

For each nefj, the n-correlation function can be written as (see [121 (11.1.10)]) 

(8.8) Qn(%i, ...,x n ) = det(l Tjv (x i )K^ n/3 (x i - Xj)lr N (xj))i<i,j< n , 

where K^ n g is given by (|8.4p - (|8.6p with the replacement of S(x), D(x), and I(x) by Sn(x), 
Dat(x), and ijv(x), respectively. Here Sn is defined as 

(8.9) S N (x) = ±^fi- Y 

tin sm(7Tx/nN) 

Moreover, we set Z?at(x) = dSN{x)/dx and In{x) — L SN(y)dy. One can easily deduce 
(|8.8p and (|8.9p from the results in [131 Ch. 11] combined with the scaling 9 i— > 2nx/riM- 
Indeed, these follow from (11.1.5), (11.1.6), (11.3.16), (11.3.22), (11.3.23), (11.5.6), and 
(11.5.13) in [T3]. 1 

Lemma 8.2. Let njy — 2 and Ijy = (—N,N). Then there exists a smooth injective map 
w N :R^R 2 satisfying (jOO]) - (|5TT3| 6eW 

. . . . .rtjv . 27rx njy 27rx,. , 

(8.10) w N {x) = (— sin , — {1-cos }) /o"£ljv 

= (x,0) for x Ijv+i, 

(8.11) / ^ |rojv(x) - (x,0)|dx < oo, 

iV=l 

(8.12) < inf inf |x|/|-ct7jv(x)|, sup sup |x|/|ctjv(x)| < oo, 



~ oo 

13) sup / \ \lg N (x) — lg (x)|dx < oo. 



Here Sj^ = {1 < |^jv(x)| < r} and Si r = {1 < |x| < r} as before. 



IS 2N in (11.1.6) of [13] should be I 2 
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Proof. Let vjn be a function defined on Ijy U (Iat+i) c satisfying (|8. 10[) . Then a direct 
calculation shows that there exists a constant C21 independent of N such that 



(8.14) sup \w N {x) - (x,0)\ = \w N (N) - (TV, 0)| < <gtf^2 



2n-iN 



:rel 



-4JV 



sup \{w N (x) - (x,0)}'| = \m' N (N) - (1,0)| < ^2 
Hence we can extend 07 at to R such that tn^ e C°°(IR;IR 2 ) satisfying (|8.1ip . (|8.12p . and 

m . □ 

Lemma 8.3. Lei /j^ s ^ = 1^ o ^j^ 1 . TTien /-idys,/3 satisfy (A. 4) cmd (A. 6) /or /3 . i/ere 
$ (a;) = — logli JV (x) and fy N (x,y) is given by (|2 . 23(1 with vjn in Lemma \8.2\ 



Proof. Clearly (f2TT6j) . (f2~TT|) and (A.6) are satisfied. By (JHH) and ^ ys/3 = v N o vr^ 1 the 
77-correlation function p% Ays p of Mdys,/3 ^ s gi ven by 

(8.15) Piv-.dys^i) •••)^n) = det(li N (a; 4 )K^ n!/3 (a; 4 - Xj)li N (^i))i<i,i<n- 

Hence we see that ()2.14[) and ()2.15j) are satisfied. 

Let ■$> N (x,y) = -/31og|e 27r ^ /=Tx / TiJV - e W=T2//»iv | . Then by wg gee that v n are 

(— log Itjvj )-canonical Gibbs measures. We write ccjat = (txj n ,vj 2 n ). Then by ()8.10p 

-n N 



(8.16) w N (x) + s/^m N (x)=s/^-^(l-e 2 *' /=Tx / n ») iovx,y£l N . 

So we have $? N (x, y) — ^ N (x, y) for x,y £ In- Hence fi Ays ^ are (& N , ^ -^-canonical Gibbs 
measures by Mdys /3 ~ v N o Moreover, fJ, Ays ^(s < un) — 1 by construction. We have 

thus confirmed all the assumptions in (A. 4) and (A.6). □ 

Let ti ; i be as in (|2.26[) . By (|2.26p and (|8.10[) we easily see that for x,y £ In 

(8. 17) ti itojvf^)) = cos — , t_i i{wn\x)) = sm — , otjv(#) = — sm — . 

71 AT 72 N TT UN 

By ri^v = 2 47V we see that Ijy C Tat and 

(8.18) sup sup J — L < -. 

JVeNxGljv 71 N 4 

This combined with the third equality in (|8.17[) yields 

(8.19) Ijv n Sg. =I N f] {— arcsin — < \x\ < — arcsin — }. 

7T 77 AT 7T 77, AT 

Lemma 8.4. Set i = (±1). Let :R^R be such that 

(8.20) u?( X ) = n^(x)ii (rojv(a;)) 

TTien 

(8.21) supsup- ^ 1 / u^li N dx\ < 00. 

N£Mr£N 1 + lOgr J T 
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Proof. We divide the case into two parts. If i = (—1), then J T lj N dx — because 1\ N 
is an odd function. Hence (j!T2"Tj) is true. If i = (1), then by f8"30]l . ([8~T7) and Ijv C T N 

(8.22) ( u?l lN dx= f cos^d* 

1 a N (x) irx 
1- TF I ? J cos dx - 

Here ajv(x) = [\zu N {x)\] - \m N (x)\ and M^) = l^sin^|. By 

(8.23) sup sup |^44l<°°- 

A , 6Nx6l JV \Sf M^J 

Combining this with 5f C S? +1 for all r, (gj^ and (|H^5|l . we obtain (|8~2"Tj) for i = (1). □ 
Lemma 8.5. Lei &e as in Lemma \E^\ Let (s) = (s,u^). Then 



(8.24) hm r" 3 / 4 sup ||<|U 2(S » } = 0. 



Proof. Since ^ S)/3 = iA o tTjJ, we have ||uf lU^s,^^) = || (•, || L 2 (S ^«). Hence 

(|8~Mj) follows from 

(8.25) lim r~ 3 / 4 sup || (■, u?h N ) \\f(s, v ") = 0. 

r-^oo jv gN 

Let Pjv = {— " w 2 +1 + p ; 1 < p < un, p e N}. Then by an elementary calculation of the 
triangle series we have an expansion of Sn(x) such that 

(8.26) S N (x) = — V e 2^Pv^T/««. 

P£Pn 

This together with Djy(x) — dSN{x)/dx and In{x) — Jq SN{y)dy yields 



.27) D N (x) = ^pQ- V pe*«*PS=V™ 

.28) /^(z) = — !— V I (>™W=I/n N _ ^ = _J_ y I 



e 27TXpv /= T/"JV 



For (|8.28p we use ^ P/v, which follows from n N /2 e N. 

Let T^(x,y) be the 2-cluster function of v N defined by (|7.1|) . Let (x) be the njv- 
periodic function such that Ti f (x) = {x, 0) for x 6 IV introduced in Sectional Then by 
construction (see (|7.ip . (|8.3[) . and (|8.8[) ) we have for x e Tjy 

(8.29) T p N {x) = [K^ (x)K^(-x)}(°\ 

Let Pjv,i = Pv, 2 = Pv and P NA = {p + \ ; p e N, -njy < N < n N }. Then f8"26 ) -(|Q? |) 
combined with the definition of Kij „ yield 



P 27rx(p+g) A /=T/n N 



(8.30) T 2 N (x) = \K» at2 (x)\ 2 = j r \ f"**^ 1 '"*] 2 

N PSPJV,2 

(8.31) T»(x) = j F \ v-T/n«| 2 __L ^ 

W pePw.l W P,q€P N ,l q 

(8.32) ^(a;) = -L| ^ e 4»*PV=T/n W |2__L_ ^ Pg^xCp+^V^T/n, 

p€P»,4 P,q£PN,4 q 
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For reader's convenience, we provide more details of the proof of (|8.31[) and (|8.32|) as an 
Appendix (see Section [T0.3[) . 

We now consider the Fourier series FnCT*)^) = J Jn e^^^T^ {x)dx. By fOP]) - 
(|8.32j) we obtain sup w sup ?eTjvn ( Z / njv ) I -^iv (^3*0 (01 < 00 • Hence mjv defined by (|7.2|) for 

satisfies 

C22 := sup sup |tn«"(£)l < °°' 

N feTjvntZ/njv) 

Since supjv eN J m \u~: lj N \ 2 dx < q^Jf for some constant C23, we have 

sup— ]T |^v(^i%)| 2 (0 < w 

CGTjvrXZ/njv) 

Combining these we obtain 

(8.33) sup— \^(u^h N )\ 2 (0m N (0<^2m- 

fSTjvnfZ/njv) 

By fl53U) we have 0^(0) = L % this , (EHB), and Lemma O we obtain (jHHSJ). 

Hence we complete the proof of (|8.24[) . □ 

Lemma 8.6. Let be as in Lemma [KR Let u r (s) = sup MgN |u^(s)|. Then 

(8.34) lim r- 3 / 4 sup||u r || L1(s « } = 0. 

Proof. We note that |u r | < {sup MgN |uf - |} + |uf |. Then by Lemma EH we deduce 
(|8"33|) from 

(8.35) lim r- 3 / 4 sup || sup |uf - u^||| il(Si|i? fl) = 0. 
Let raj(x) = (x, 0). We observe that 

(8.36) ?4 - m" = -] j — ti 1 o wm^qm j j — ti 1 o wnIs n 

\zum\ ' lr \k>n\ lr 

- 1 j t t ,i O ct m (1sm - lj lr ) + 1 I ti,i O TOM(ls lr - 15") 

1 — — — (ti,l W M — ti,i o zu)lg N + — — ^]-(ti,i oro - ti,i o zun)1§n 



\zum\ lr X&m 

+ (■ 



\\ W m\~\ 1U _ 1 , n IVjvJ] U „ , 

— l)ti,i o OTjvlgiv + (1 j rjti.l ^iVlj 



=: J1 + J2 + J 3 + Ji + Jb + Je- 

Hence |u* f - u*| = (■, Ji) + •■■ + (■, J 6 ). 

By l 1 ^^,! < 2, (E33|), and ^ dys>/3 < 1 we have 

(8.37) sup sup || sup \(-,Ji)\\\ L ir s ,u» „) < sup sup ||(-, sup | Ji|)|Li (s ^« „) 

reNJVeN MGN y5 '^ r£N JVeN MeN ' ays,p 



< SUp SUp ||(-, V \ Jl\)\\Li(S,tf „) 
~ 00 

= sup sup / y~] \Ji\Pn d ys pdx< 00. 



■ M=l 
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Similarly we have 

(8.38) sup sup || sup |(-, J 2 )|||li(s,u« „) < oo. 

rEN iV6N MEN dyB •' , 

By (|2~2^|) and (j8~TTj) combined with |tj x | < 1 and p x N dys ~ < 1 we have 

(8.39) supsup || sup |(-, J 3 )||| L i ( s^« ) < supsup ||(-, sup iJgDH^s jv } 

rENJVEN MEN dyB '' < rESJVEN MEN dyB '' J 



< sup sup ||(-, V \M)\\ L i {S .^ .) 

rENiVEN ^ '^dyo,^ 

= sup sup / { |ti,i o o7 M - ti,i o wWp^ d adx 

rEN NeNJSg, M T 1 ' ' 

oo 

< sup / { > |n7M(a;) — (x,0)\}dx < oo. 



Similarly we have 

(8.40) sup sup || sup |(-, J 4 )|||li(s, a1 " „) < 00 ■ 

rEN WEN M EN dyB '' 3 

By (I8.12p and (|8. 13[) combined with < H^mII ~ \ m m \ < 1 and p]vdys/3 — 1 we nave 

(8.41) lim r- 3 / 4 sup || sup |(-, J 6 )||| il(s ,^ g) 

< lim r~ 3 / 4 SUp / SUp : rp]^ dys B^ x = 0- 

r^oo NenJsf r .Mm\ zu u\ 

Similarly we have 

(8.42) lim r- 3 / 4 sup || sup \(; J 6 )\\\ L i {s .^ > = 0. 

Putting l[8?36l) - ((8~42l) together we obtain ([8~35]) . which completes the proof of ([8~34]) . □ 



Proof of Theorem \2.5\ By Lemma |8. II we obtain (A.l) and (A. 3). In view of Theorem 
it is enough to check (A. 4) and (A. 5) for (A. 2). We have checked (A. 4) and (A. 6) by 
Lemma 18.31 Hence by Theorem 12. 31 it is sufficient to prove (A. 7) for (A. 5). 

We prove (A. 7) is satisfied with 4 = 2 and b r = r. (|2~32|) and ([2~33]l in (A. 7) are 
checked below. By (|8.8[) and (18. 9p we see p x N dys p(x) = li N (x). By (|8.12p we see that 
c 2 4 := supjvgj^sup^Q |x|/|ra7jv(a;)| < oo and c 2 5 := infjveN |^jv (1)| > 0. Hence (|2.32j) 
follows from 

SUp / { SUp (X, 1 lgM )}/i^y S ,/3( dx ) < 9541 SUp / Tl2 dX < °° ' 

NeNJs MEN RmT ll0 ° ^ a iVgM./^g|<| z | kl 



To prove (|2.33p we use Theorem [231 In view of Theorem [23] it only remains to prove (12.361) 
with j = £ = d = 1. This follows from Lemma 18.61 which completes the proof. □ 



9 Proof of Theorem 12.6 



In this section we prove Theorem 12.61 In the following we often identify K. as C by the 
correspondence z = (x, y) e M 2 i— > z = x + y/—ly £ C. We set z = |z|e v/ ~ 1 ~ argz . 
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Lemma 9.1. /i g j n satisfies assumptions (A.l), (A. 3), (A. 4) and (A. 6). Here we take <&(z) = 
\z\ 2 and z 2 ) = -/31og \zi - z 2 \. 

Proof. (A.l) is clear from (|2.39|) and (|2.40p . (A. 3) is clear because 3>(z) = \z\ 2 and *(z) = 
— 21og|z|. As for (A. 6) we take wn{z) = (z,0). Then (A. 6) is clearly satisfied. 

As for (A.4) we set n N = N, <f> N \z) = \z\ 2 and $ N (z) = -21og|z|. Then and 
()2.17|) are trivial because § N and # N are independent of N. Let dp^ in = fi^ in o where 
fig in is the probability measure on C N given by 

Mgtn = ~^ e ^ l=1 ' 2il II \zi- Zj\ 2 dzi---dz N . 

l<i<j<N 

Then p^ in is a (|z| 2 , — 2 log |z|)-canonical Gibbs measure. Let p^ gin ^e the n-correlation 
function of p^ in . It is known (cf. p. 943 in [52]) that p 7 ^ gin is given by 

(9-1) Piv.ginO^; •••>*»») = det(K^ n (z l ,z i ))i< ij <„, 

where K^f„ is the kernel defined by 

gin J 



N-l 



(9-2) ^ ln ( Zl ,z 2 ) = • z 2 ) fc }exp{-^ - ^} 



fc=0 



By combining these with ([2391) and P^O)) we obtain ([2TT4]) and ([2~T5]) . We have thus checked 
all assumptions of (A.4). □ 

Next we proceed with the proof of (A. 7). For this purpose we first prepare Lemma l9~2l 
We denote (s, /) = £\ /(s,) for s = £\ <5 Sl . 

Lemma 9.2. Let ft, r (z) = 1^ (z)e v/ ^ Targz , where S r = {z 6 C; |z| < r} and argz is </ie 



ang/e o/z = 1 2; | rg2 G C. Lei f:C— >C be a bounded, measurable function such that 

(9.3) sup \f{z) — zq\ = 0(r _1 ) as r — > 00 /or some zo G C 

\z\=r 

Here f(r) = 0(g(r)) as r — ► 00 means limsup,.^^ |/(r)|/|<?(r)| < 00. Then we have 

(9.4) supVar A '£»((s, h r f)) = 0{r) as r —> 00. 

We prove Lemma 19.21 in Section 110.41 

Lemma 9.3. Let fi^ in be as in the proof of Lemma \9.1\ Then fi^ in (N £ N) satisfy (A. 7). 

Proof. We take b r = r and £q = 3. Recall that assumption (A. 7) consists of (|2.32[) and 
(12331) . We first check (l2~52l . 

By (HU) and ([921) we hav e Pgin( z ) < p\in( z ) = Pgm(°)- Reca11 that ^(z) = (2,0). 
Then is independent of N . Moreover, uf Q = (•, Izj -3 !^ i0o )) by (|2.30[) . So we have 



(9.5) / (sup \if )dp* in = I j^p^(z)dz< [ -^dz p gin (0) < oc 

MEN >/|*|>l l Z l •'kl>l l Z l 

Hence we obtain (|2.32p by Chebychev's inequality. 
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Let l<j<£<(o = 3. Let u t f r be as in (|2.34p . We remark that u t ^ is independent of 
AT. We note I = {1, — l} 2 because d = 2. Since wn{z) = (z, 0), we see that uf'^_ 1 ±1 , r (z) = 
0. Moreover, it is easy to see that 

Take f(z) = \\z\] j \z\~ l lg, §i (z). Then / satisfies (JOJ with z Q = because < \\z\] < 1. 
Hence by Lemma 19.21 we obtain 

(9.6) lim r 2 W 2] sup Var^fuf/) = with 071= 1/4, say. 

This implies (|2.36|) because E^ 1 " [u^ 3 ,,] = and uf-f r is independent of AT. We therefore 
obtain (|2~3"3"1) by Theorem E3 □ 

Proof of Theorem \2.6\ By Lemma [9~T1 it only remains to prove (A. 2). For this it is enough 
to check (A. 5) by Theorem 12.21 and Lemma f9.ll In proving (A. 5) it is sufficient to prove 
(A.6) and (A.7) by TheoremO We obtain (A.6) and (A.7) by Lemma ED and Lemma 1931 
respectively. We have thus proved Theorem 12.61 □ 



10 Appendix 

10.1 Proof of Lemma [3.41 

Proof of Lemma \3Jh Let {/ p } be a £^ a ' M -Caucliy sequence in V^f 1 such that lim H/pHi^s^j = 
0. Then by (|3.3[) and (|3.4[) we see that {/ p } satisfies 

(10.1) lim / C fc r (/p - U U fluids) = 

(10.2) lim / ||/p||^ ( s„ )^ fc (ds)=0. 

We prove that linip^oo £™£ a ' M (/ P , / P ) = 0. For this purpose it is enough to show that, 
for any subsequence {/i, P } of {/ p }, we can choose a subsequence {/2,p} of {/i, P } such that 

(10.3) limCr(/2,P>/2,) = 0. 

p — >oo ' 

So let {/i, P } be any subsequence of {/ p }. Then by (|10.ip and (|10.2p we can choose a 
subsequence {/2, P } such that /4™fc(A P ) < 2~ fe and /i™ fe (B p ) < 2~ fc , where 

A p = {s; £™fe^ At (/2,p - /2, P +i,/2.p - /2, P +i) > 2 2fc } 
B P = {s;||/p||i 2(S; „ !Ai;::fcs) >2- 2fc }. 

Hence by Borel-Cantelli's lemma we see that ^™ fc (limsup A p ) = /i" l fc (limsup B p ) = 0. This 
means that, for /z™ fc -a.s. s, the sequence {/2,p} is an £ J^'^-Cauchy sequence converging to 
in i 2 (S™, /i™ fc s ) as p — > 00. Therefore by assumption we have 

(10.4) lim £™^(f2, P , /2, P ) = for y? k -a.s. s. 

p — >oo ' ' 

Let fL™ k s be the symmetric measure on S 1 ™ such that fi™ k s ° l^ 1 = [j,™ k s . For / 2iP there 
exists a function /£'!": 5™ xS—>M such that f£'™(x.,s) is symmetric inx= (xi, . . . , x m ) for 
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each s £ S and that /^'"(x, s) = /2,p(s) for s 6 S™ being decomposed as s = t(x) + ns^(s). 
Let xi = {xn, . . .,xi d ) £ R d . Then 

J £™Cs^tfo,P ~ h,p+l, /2,p - /2,p+l)/^™fe(*) = 

/ Jee % ,p+ • (2 ' p fl ; w) ^w< fe w. 

Hence by (HHUJ) we see that the vector valued function (V^;™)^,...,™ : 5™ xS^ (R d ) m is 
a Cauchy sequence in L 2 (S™xS -> (R d ) m , J, where we equip L 2 (S"™xS -> (R d ) m , /j™ fcs ) 
with the inner product 

(f,g)= / E^( x > s )ff ; ( x ' s ) a °W x ) + 7r s=(s),a;;)}/i™fe !S (dx)^™ fe ( ( is). 

Here f = (fi, . . . , / m ), and ao is the function in (|2.3|) . Combining this with (|10.1|) and (|10.4[) 
we obtain (|10.3|1 . which completes the proof. □ 

10.2 Proof of Lemma 14.11 

In this subsection we give a proof of Lemma 14.11 

Proof of Lemmg \4-.1\ Let S r = {stS; \s\ < r} as before. A permutation invariant function 
m™ : — > R is by definition the n-density function of \x if, for any bounded a[iTg ]-measurable 
function f , 

1 f 

fdfi = — I /™m™(ixi • • • dx n , 



where S™ = {x e S ; x(5 r ) = n}, and /" : 5,™^R is the permutation invariant function such 
that fr(xi> • * * 5 a^n) = f(x) for x g S" such that 7r<j (x) = J2i <W 

Let m^f r (a;i, ■ ■ • , x n ) (resp. m™(xi, . . . , i„) ) be the n-density function of /j, n (resp. /x) 
on S r . Then by (|2.15|) we easily see that 

(10.5) m% jr (xi,...,x n ) = E Ij / /0^r +fc (a;i, . . . ,x„ +fc )da; n+ i • • -dxn+fe. 

Combining (f27T5|) and (|2~T4|) with (fTTJT5|) and the same equality as (|10.5|) for /x and applying 
the bounded convergence theorem, we obtain for each r, n G N 

(10.6) supsup |mjy- r (;Ei, . . . ,x n )\ < 00 

(10.7) lim m% r (x\, . . . ,x n ) = m"(xi, . . . ,x n ) a.e.. 

N— >oo ' 

From this we see that the measures satisfy limjv^oo /j N o n^ 1 = /io vr^ 1 weakly in 7rj (S) 
for all r. Hence it only remains to prove that the sequence {/j"} is tight in S. 

Now we recall a closed subset So in S is compact if and only if there exists an increasing 
sequence a = {a r } r£ N of natural numbers such that sup sgSo s(S r ) < a r for all r £ N $T§\ 
Sect. 3.4]. Let K(r, a) — {s; s(S r ) < a}. Set K(a) = n r£ NK(r,a r ) for a = {a r } r£ N- Then we 
see that the set K(a) is compact in S because of the equivalence condition given above. 
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Let e > be fixed. Note that 7r<j (S) is also a Polish space because S r is Polish [THl Prop. 
3.17]. Since {fx N o tt^ 1 } is tight as probability measures in tt^ (S), there exists a compact 
set K r in (S) such that 



(10.8) 



sup^ott- 1 ^) < e2- 



N 



Moreover there exists an a r G N such that K r C K(r, a r ) because K r is compact. We can 
and do take a r G N in such a way that a r < a r+ \. By (|10.8|1 and K r C K(r, a r ) we have 
sup w /x Ar (K(r, a r ) c ) < e2~ r . Hence for a = {a r } re N we have 

su PA i JV (K(a) c ) =su PM Ar (|J K{r,a r ) c ) < sup ^ fJ, N (K(r, a r ) c ) < e. 



N 



N 



ref 



N 



/■ei 



This implies {/i } is tight, which completes the proof. 



□ 



10.3 Proof of (IOTP and (IH~32j) 



In this subsection we prove (|8.3ip and (|8.32l) . 

We begin with (|8.31[) . Let Jn{x) = In(x) — ^sgn(x). We note that Sn(x) is an even 
function and In(x), Dn(x), and Jn(x) are odd functions. By (|8.4p for Sn(x), Dn(x), and 
In{x) we see that 



(10.9) 



) 



5at(x) £>Ar(a;) 

^(z) 2 - D N (x) J N (x) 

Sjv^) 2 -^^)^^) 



9( 
9( 



Sn(-x) D n (-x) 
Jn{-x) S n (-x) 



Hence by (|E~J|) and (fg^ we have = SW(a;) 2 - D N (x)J N {x) .This combined with 

(|Q6| - ([8T28|l yields (jOT|) . We consider 18732]) next. By (gL6|) for S N {x), D N (x), and J;v(a;) 
we see that 



A* 



^(-2^) Djv(-2^) 
I N (-2x) S N (-2x) 



S N (2x) D N (2x) 
I N {2x) S N {2x) 

S N {2xf - D N (2x)I N {2x) 

S N (2x) 2 - D N {2x)I N {2x) 



Hence by (|8~J|) and (j8729]) we have (x) = \(S N {2x) 2 - D N (2x)J N (2x)). This combined 
with (105j) -(|08 l) yields (jO^ . 



10.4 Proof of Lemma [9721 

The purpose of this subsection is to prove Lemma 19.21 

Let g(dz) = — exp{— |z| 2 }e?z be the standard complex Gaussian measure. Let {p^jneN 
be the correlation function of /x^[ n with respect to g. Then {p^} n6 N is given by 



(10.10) 



p^(zi, ...,z n ) = det[K N (zi, Zj)]i,j=i,..., n , 
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where K N ( Zl ,z 2 ) = {ziz 2 } k /k\. We note that p n N = p^ gin 7r™ e l Zl l 2 +-+l z "l 2 and 

K N (w,z) = 7re |, " |2/2 K^ n (?i;,z)e |z|2/2 by construction. Let 

(10.11) K( Zl , Z2 ) = J2 { -^L, K* N (^ Z .)=Y. {J1 ^ L - 

fc=0 ' k=N 

Then K — K N + by definition. Let 

= [ h r {w)h~{z){\K{w,z)\ 2 -\K N (w,z)\ 2 ~\K* N (w,z)\ 2 }g(dw)g(dz). 



Lemma 10.1. Let e s N = J2k=o sk / kl Then \ M ?\ < 2 i l - e^tf-iM 1 - ^^n}- 



sk=0 ' 

Proof. By \K\ 2 = \K N \ 2 + \K^\ 2 + K N K N + K* N K N we have 

\K\ = \ / K(w)K(z){K N K* N + K* N K N }g(dw)g(dz)\ 
2 r{ / \wr-'g(dw)} 2 



(N- 1)\N\ L Jg r 

= 2{l- e ^ 2 e^ 1 }{l-e-'- 2 e 5 v 2 }. 

This completes the proof. □ 

We remark that the kernel also generates the determinantal random point field 
denoted by p,^* . We write the variance with respect to p^* as Var^n . A direct calculation 
shows the following. 

Lemma 10.2. (1) Let g be a bounded measurable function with compact support. Then 
(10.12) Var"8««s,ff»= / \g(z)\ 2 K N (z, z)g{dz) 



g(w)g(z)\K N {w,z)\ g(dw)g(dz) 

Jc 2 

(10.13) Var^((s, 5 ))<- f \g(z)\ 2 dz. 

(2) (110.12P and p0.13|) also hold for p^* and /igi n with Kn replaced by ifjy and K , respec- 
tively. 

Proof. (|10.12p is well known, so we omit the proof. Since Kpj(w,z) consists of a sum of 
pairs of orthonormal functions with respect to g(dz), we have the equality 

(10.14) K N {z,z) = [ \K N (z,w)\ 2 g{dw). 

Jc 

Hence by (|10.12|) we obtain 

(10.15) Var^((s, 5 )) = i f \g(w) - g(z)\ 2 \K N (w, z)\ 2 g(dw)g{dz) . 

z Jc 2 

Combining (jl0.14|l . ()10.15|> . and the Schwartz inequality, and then using the estimates 

< K N {z,z)(l/Tt)e-^ < 1/tt, 
we conclude (jl0.13l) . The proof of (2) is the same as (1). □ 
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Lemma 10.3 (Theorem 1.3 in 17J). sup 1<r iVar Mgto ((s, h r f)) < oo. 

Proof. This lemma is a special case of Theorem 1.3 in [T7]. □ 
Lemma 10.4. sup 1<Ar sup 1<r iVar M s' n ((s, h r )) < oo. 
Proof. By K = K N + K* N and Lemma 110.21 we have 

Var^-«s, h r )) = Var^ i °((s, h r )) - M r w - Var^° ((s, h r )). 

By Lemma EO we have \M?\ < 2{1 - e-^e^.Jjl - e^e^}. These, together with 
Lemma Tl 0.31 complete the proof. □ 

Proof of Lemma \9~M By h r f = zoh r + h r (f — zq) and ()10.13|) we have 

Var^«s, hrf)) < 2^Var^((s, hr)) + 2Var^»((s, h r (f - z )» 
< 2^Var^((s,/i r )) + - / |/i r (/ - z )| 2 dz. 

Therefore we obtain Lemma 19.21 by Lemma 110.41 and (|9.3p . □ 
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